$C^*$-環の写像のlifting問題について (Exact $C^*$-環とその周辺) by 古谷, 正
Title$C^*$-環の写像のlifting問題について (Exact $C^*$-環とその周辺)
Author(s)古谷, 正











Robertson-Smith [14] operator system C*-
completely positive unital $n$ $n$-positive lifting
$n=\infty$ completely positive lifiting
2 C*- $C^{*}(F_{2})$ reduced C* $C_{r}^{*}(F_{2})$
$C_{r}^{*}(F_{2})$ $\{\lambda(u), \lambda(v)\}$ 5 operator system $E$ $E$
$C_{r}^{*}(F_{2})=C^{*}(F_{2})/J$ $\phi$ $\phi$ : $Earrow C^{*}(F_{2})/J$ com-
pletely positive unital lifting
lifting operator system maximal tensor
1.
C*- $A,$ $B$ $A\otimes B$ minimal $c*$ tensor $A\otimes_{\max}B$ maximal $c*$
tensor C*- $B$ , $A\otimes B=A\otimes_{\max}B$ C*- $A$
nuclear [12]
C* 1
$L(H)$ separable Hilbert $H$
C*- $A$ $E$ $E^{*}=E$ $1\in E$ $E$ operator system
$M_{n}$ operator system matrix system C*-




$||x||_{\max}= \sup||\sum^{n}\theta 1(X)(k2(1)\theta x)(k|1)2|$
$\sup$ $\theta_{i}$ : $E_{i}arrow L(H)$ commuting range $\theta_{1}(x_{1})\theta_{2}(X2)=$
$\theta_{2}(x_{2})\theta_{2}(x_{1})$ completely positive unital pair $(\theta_{1}, \theta_{2})$
$(\theta_{1}, \theta_{2})$ direct sum $\gamma:E_{1}-E_{2}arrow L(H)$
$||x||_{\max}=||\gamma(_{X)}||x\in E_{1}E_{2}$
$\gamma(E_{1}E_{2})$ $E_{1}\otimes_{\max}E_{2}$ $E_{1}$ $E_{2}$ maximal tensor [13]
$E_{1},$ $E_{2}$ $C^{*}$- $C^{*}$- maximal tensor – $E_{2}$ nuclear $C^{*}-$
$E_{1}$ $E_{1}\otimes E_{2}=E_{1}\otimes_{\max}E_{2}$ [13] operator
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system maximal tensor doubly commuting operator joint normal dilation
[13]
C*- $A$ $A\subseteq B$ C*- $B$ $\dot{A}$ 1 projection
$A$ injective $L(H)$ injective
C*- $A$ C*- $B$ $B/J$ completely positive unital
$\phi$ : $Aarrow B/J$ $A$ operator system $E$
$\phi_{|E}$ : $Earrow Aarrow B/J$ completely positive unital lifting $\backslash$ $\psi$ : $Earrow B$
$\phi=\pi\circ\psi$ completely positive unital $\psi$ $A$ local
lifting property [111 $\pi$ $\pi$ : $Barrow B/J$
$F$ C*- $C^{*}(F)$ local lifting property ([11] Lemma
2.1) Kirchberg Choi key
A ([11] Proposition 11). C*- $A$ injective C*- $B$ local lifting property
$A \otimes B=A\otimes\max B$ .
B ([2] Thoerem 3.1). C*- $A$ $B$ completely positive 1
$\phi$ , $\mathcal{M}_{\phi}=$ { $a\in A:\phi(aa)*=\phi(a)*\phi(a)$ , \mbox{\boldmath $\phi$}(aa*) $=\phi(a)\emptyset(a)^{*}$ } $\phi$
maltiplicative domain $a\in \mathcal{M}_{\phi}$ $b\in A$ , $\phi(ab)=\phi(a)\phi(b)$ ,
$\phi(ba)=\phi(b)\phi(\mathit{0})$
2.
1. $C_{r}^{*}(F_{2})$ $\{\lambda(u), \lambda(v)\}$ 5 operator system $E$
$E$ $C_{r}^{*}(F_{2})=C^{*}(F_{2})/J$ $\phi$
.
$\phi$ : $Earrow C^{*}(F_{2})/J$ completely
positive unital lifting
Wassermann [15] short exact
$\mathrm{O}arrow Jarrow C^{*}(F_{2})arrow C_{r}^{*}(F_{2})arrow 0$
$\mathrm{O}arrow J\otimes C^{*}(F_{2})arrow C^{*}(F_{2})\otimes C^{*}(F_{2})arrow C_{r}^{*}(F_{2})\otimes C^{*}(F_{2})arrow 0$
exact Kirchberg ([11] Proposition 2.2) $C_{r}^{*}(F_{2})$ local
lifting property A
$C_{r}^{*}(F_{2})\otimes L(H)\neq C_{r}^{*}(F_{2})\otimes_{\max}L(H)$ .
$\phi$ completely positive unital lifting $\psi$ : $Earrow C^{*}(F_{2})$
$\Phi$ : $E\otimes L(H)$ $arrow$ $C^{*}.(.F_{2}.)\otimes L.(H)=C*(F_{2})\otimes_{\max}L(H)$ $arrow$ $C_{r}^{*}(F_{2})\otimes_{\max}L(H)$
$x\otimes y$ $arrow$ $\psi(x)\otimes y$ $arrow$ $\phi(x)\otimes y$
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completely positive $\pi$ Hilbert $K$ $C_{r}^{*}(F_{2})\otimes_{\max}L(H)$ faithful
$\tilde{\Phi}$ : $C_{r}^{*}(F_{2})\otimes L(H)arrow L(K)$ $\Phi$ $C_{r}^{*}(F_{2})\otimes L(H)$ completely positive
$\tilde{\Phi}(\lambda(u)\otimes 1)=\Phi(\lambda(u)\otimes 1)=\pi(\lambda(u)\otimes 1)$
$\tilde{\Phi}(1)=\tilde{\Phi}((\lambda(u)\otimes 1)^{*}(\lambda(u)\otimes 1))=\tilde{\Phi}(\lambda(u)\otimes 1)^{*}\tilde{\Phi}(\lambda(u)\otimes 1)$ ,
$\tilde{\Phi}(1)=\tilde{\Phi}((\lambda(u)\otimes 1)(\lambda(u)\otimes 1)^{*})=\tilde{\Phi}(\lambda(u)\otimes 1)\tilde{\Phi}(\lambda(u)\otimes 1)*$ .
$\lambda(u)$
$\tilde{\Phi}$ multiplicative domain $\lambda(v)$ $\tilde{\Phi}$ multi-
plicative domain $\{\lambda(u), \lambda(v)\}$ $C_{r}^{*}(F_{2})$
$\tilde{\Phi}(x\otimes 1)=\pi(x\otimes 1)x\in C_{r}^{*}(F2)$ .
$\tilde{\Phi}$
$C_{r}^{*}(F_{2})\otimes L(H)$ $C_{r}^{*}(F_{2})\otimes_{\max}L(H)$
$C_{r}^{*}(F2) \otimes L(H)=C^{*}(rF2)\otimes\max L(H)$
$\phi$ completely positive unital lifting
3. Lifting
Effros-Haagerup technique [6] Kirchberg [11]
2. operator system $E$ local lifting property C*- A
$A/J$ completely positive unital $\phi$ (i) (\"u)
(i) $\phi$ completely positive unital lifting
(ii) $\Phi$ : $E\otimes Carrow A\otimes_{\max}C$
$x\otimes yarrow\phi(x)\otimes y$
injective C*- $C$ completely positive
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$ . $E$ $\psi=\psi^{*}$ $\phi$ lifting $\psi$ $\pi$
$\pi$ : $Aarrow A/J$ $J$ quasicentral approximate unit $(e_{\lambda})_{\lambda\in\Lambda}$
$\psi_{\lambda}(y)=(1-e\lambda)^{\frac{1}{2}}\psi(y)(1-e\lambda)^{\frac{1}{2}}$
Effros-Haagerup ([6] Theorem 3.2) $\lim_{\lambda}||\psi_{\lambda}||_{CB}=1$
$\lim_{\lambda}\sup||\psi_{\lambda}||_{CB}>1+\epsilon$ .
$\epsilon>0$ $\{\psi_{\lambda}\}$ subnet $\lambda\in\Lambda$
$||\psi_{\lambda}||_{CB}>1+\mathcal{E}$ $\lambda$
$|| \psi_{\lambda}\otimes id\lambda(X_{\lambda})||\geq||\psi_{\lambda}||_{C}B-\frac{\epsilon}{2}\geq 1+\frac{\epsilon}{2}$
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$n_{\lambda}$
$x_{\lambda}\in E\otimes MM_{\text{ } }||x_{\lambda}||\leq 1$ $M_{n_{\lambda}}$
$n_{\lambda}\cross n_{\lambda}$
$id_{\lambda}$ $M_{n_{\lambda}}$
$C= \{(y_{\lambda}):y_{\lambda}\in M_{n_{\lambda}}, \sup_{\lambda}||y_{\lambda}||<\infty\}$
$y=(y_{\lambda})\in C$ $\lambda\in\Lambda$ $p_{\lambda}(y)=y_{\lambda}$ $C$ $M_{n_{\lambda}}$
$p_{\lambda}$
$C$ injective $E\otimes C$ $(A/J)\otimes^{\max}C$ completely positive
untal $\Phi$ $\Phi(a\otimes b)=\phi(a)\otimes b$ $\Phi$ A
$A\otimes c=A\otimes^{\max}c$ .
$\pi\otimes^{\max}id_{C}$ $A\otimes C$ $(A/J)\otimes^{\max}C$ $(\pi\otimes^{\max}id_{C})(a\otimes b)=\pi(a)\otimes b$
completely positive unital
$\psi_{\lambda^{\otimes id_{\lambda}}}(X_{\lambda})=id_{A}\otimes p\lambda(\psi_{\lambda^{\otimes())}}idCX$,
$1+ \frac{\mathrm{c}}{2}\leq||\psi\lambda^{\otimes d}i\lambda(X_{\lambda})||\leq||\psi_{\lambda^{\otimes}}id_{C}(x)||$ .
$\psi_{\lambda}\otimes idC(x)=(1-e\lambda)^{\frac{1}{2}}\otimes 1(\psi\otimes idc(x))(1-e_{\lambda})\frac{1}{2}\otimes 1$ .
$J\otimes C\sigma)$ quasicentral approximate unit $(e_{\lambda}\otimes 1)_{\lambda\in\Lambda}l\mathrm{h}$
$(1\otimes 1-e_{\lambda}\otimes 1)^{\frac{1}{2}}=(1-e_{\lambda})^{\frac{1}{2}}\otimes 1$
$\lim_{\lambda}||\psi_{\lambda^{\otimes}}idc(_{X})||$ $=$ $||\psi\otimes idc(x)+J\otimes c||$
$=$ $|| \psi\otimes idc(_{X)}+J\otimes\max C||$




$(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ . $\psi$ $\phi$ completely positive unital lifting $\pi_{=}Aarrow A/J$
$\pi\otimes^{\max}id_{C}(a\otimes b)=\pi(a)\otimes b$ completely positive unital \mbox{\boldmath $\pi$}\otimes m’’
$id_{C}$ : $A\otimes^{\max}Carrow(A/J)\otimes^{\max}C$ $A\otimes C=A\otimes^{\max}C$ $\Phi(a\otimes b)=$
$\pi\otimes^{\max_{id_{C}}}(\psi\otimes id_{C}(a\otimes b))$ $\Phi$ : $E\otimes Carrow(A/J)\otimes^{\max}C$ $\Phi$
C*- $A$ $C^{*}(F)$ $A$ $F$
3. operator system $E$ C*- A $A/J$ completely positive
unital $\phi$
$\Phi$ : $E\otimes Carrow A\otimes_{\max}C$
$x\otimes y$ $arrow\phi(x)\otimes y$
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injective C*- $C$ completely positive $\phi$ completely positive
unital lifting
4. Operator system $\sigma$) maximal tensor $\ovalbox{\tt\small REJECT} F$
4. $E$ $M_{n}$ matrix system, $\pi$ : $Carrow L(H)$ C*- $C$ , $\phi$ : $Earrow\pi(C)’$
$\Phi$ : $E\otimes Carrow L(H)$ $\Phi(x\otimes y)=\emptyset(x)\pi(y)$ completely positive unital
$\phi$ completely positive $\tilde{\phi}$ : $M_{n}arrow\pi(C)’$
$E\otimes C\subseteq M_{n}\otimes C$ $L(H)$ injective $\Phi$ $M_{n}\otimes C$ completely positive
$\Psi$ : $M_{n}\otimes Carrow L(H)$ $y\in C$ $\Psi(1\otimes y)=\Phi(1\otimes y)=\pi(y)$
$\Psi((1\otimes y)^{*}(1\otimes y))=\Psi(1\otimes y)^{*}\Psi(1\otimes y),$ $\Psi((1\otimes y)(1\otimes y)^{*})=\Psi(1\otimes y)\Psi(1\otimes y)*$
A $x\in M_{n},$ $y\in C$
$\pi(y)\Psi(x\otimes 1)=\Psi(1\otimes y)\Psi(x\otimes 1)=\Psi(X\otimes y)=\Psi(X\otimes 1)\Psi(1\otimes y)=\Psi(_{X}\otimes 1)\pi(y)$ .
$\tilde{\phi}(x)=\Psi(X\otimes 1)\in\pi(o)’$
5. $E$ operator system, $C$ C*- $z= \sum_{i}x_{i}\otimes y_{i}\in Ec$ ,
$||z||_{\max}= \sup\{||\sum. \emptyset(X_{i}|)\pi(y_{i})|| : \phi:Earrow L(H),\pi:Carrow L(H)\}$
$(*)$
$\sup$ $\phi$ $\pi$ commuting range completely positive unital pair
$(\phi, \pi)$
$\phi:Earrow L(H),$ $\psi$ : $Carrow L(H)$ commuting range completely positive unital
$(\pi, K, V)$ $\psi$ minimal Stinespring $\psi(y)=V^{*}\pi(y)Vy\in$





$\tilde{\phi}(x)=\gamma(\phi(x))x\in E$ $\pi$ : $Carrow L(K),\tilde{\phi}$ : $Earrow L(K)$ commuting
range
$\phi(x)\psi(y)=\phi(x)V*\pi(y)V=V^{*}\gamma(\phi(X))\pi(y)V=V^{*}\tilde{\phi}(x)\pi(y)V$.




6. $E$ $M_{n}$ matrix system, $C$ $c*$- $E\otimes_{\max}C\neq E\otimes C$
$\Phi \mathrm{t}$ $E\otimes Carrow A\otimes_{\max}C$
$x\otimes y$ $arrow\phi(x)\otimes y$
completely positive $E$ separable C*- $A$ completely positive unital
$\phi$
commuting range completely positive unital $\phi$ : $Earrow L(H)$
$\pi$ : $Carrow L(H)$ $\phi$ . completely positive
$\tilde{\phi}$ : $M_{n}arrow\pi(C)’$
$E\otimes_{\max}C\subseteq M_{n}\otimes_{\max}C=M_{n}\otimes C$
commuting range \mbox{\boldmath $\phi$} completely positive $\tilde{\phi}$ : $M_{n}arrow\pi(C)’$
completely positive unital $\phi:Earrow\pi(C)’$ $\pi_{*}Carrow L(H)$
$\phi(E)\subseteq A$ $\pi(C)’$ separable $C^{*}$- $A$
$\Phi$ : $E\otimes Carrow A\otimes_{\max}C$
$x\otimes y$ $arrow\phi(x)\otimes y$
completely positive
$\tilde{\Phi}$ : $E\otimes Carrow A\otimes_{\max}Carrow A\otimes_{\max}\pi(C)$ $arrow L(H)$
$x\otimes y$ $arrow\phi(x)\otimes y$ $arrow\phi(_{X})\otimes\pi(y)$ $arrow\phi(x)\pi(y)$
completely positive
4 $\phi$ completely positive $\tilde{\phi}$ : $M_{n}arrow\pi(C)’$ $\phi$
7. matrix system $E$ , C*- $C$
(i) $E\otimes_{\max}C=E\otimes C$ ,
(ii) $l\mathrm{f},\Leftrightarrow \mathrm{a}^{\text{ }}$ C*- $A$ completely positive unital $\phi$
$\Phi$ : $E\otimes Carrow A\otimes_{\max}C$
$x\otimes y$ $arrow\phi(x)\otimes y$
completely positive
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8. $B$ $C$ $B\otimes_{\max}C\neq B\otimes C$ $c*$- $E$
$B$ C’ $A$ $\phi$
$\Phi$ : $E\otimes Carrow A\otimes_{\max}C$
$x\otimes y$ $arrow\phi(x)\otimes y$
completely $\mathrm{P}^{\mathrm{O}}\overline{@\mathrm{i}}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{e}}$ $B$ operator system $E$
$||z|| \max,B>||z||_{\min}$
$z= \sum_{i=1}^{n}X_{i}\otimes y_{i}x_{i}\in B,$ $y_{i}\subset C$ $||z||_{\max,B}$ $B\otimes_{\max}C$
$z$ $||z||_{\min}$ $z$ $B\otimes C$ $z$
$E$ $\{1, X_{1}, X_{1}^{*}, \cdots, xn’ X^{*}\}n$ . $\Phi$ completely positive
$||z||_{\max,A}$ $A\otimes_{\max}C$ $z$
$||_{Z}||_{\min}\geq||\Phi(_{Z})||=||z||_{\max},A\geq||_{Z}||_{\max},B$
9. $C$ non-nuclear C’-
$E\otimes_{\max}C\neq E\otimes c$
matrix system $E$
$C$ non-nuclear $\pi(C)$ ” injective $\pi$ Choi-Effros ([4]
Theorem 3.4) $\text{ }$ $M_{n}$ matrix system $E$ completely positive unital
$.\phi$ : $Earrow\pi(C)’$ \mbox{\boldmath $\pi$}(C)’ $M_{n}$ completely positive $\phi$
$E\otimes_{\max}C=E\otimes C$
$\Phi$ : $E\otimes Carrow\pi(C)^{;}\otimes_{\max}Carrow L(H)$
$x\otimes y$ . $arrow$ $\phi(x)\otimes y$ $arrow\phi(x)\pi(y)$
completely positive 4 $\phi$ $\pi(C)’$ $M_{n}$ completely
positive $\phi$ 7
$M= \{(x_{n}) : x_{n}\in M_{n}\sup_{n}||x_{n}||<\infty\},$ $K(H)$ Hilbert $H$
Junge-Pisier [10] $L(H)\otimes L(H)\neq L(H)\otimes_{\max}L(H),$ $M\otimes M\neq$
$M\otimes_{\max}M$ , Wassermann [16] $(L(H)/K(H))\otimes L(H)\neq(L(H)/K(H))\otimes_{\max}$
$L(H),$ $C_{r}^{*}(F2) \otimes L(H)\neq C_{r}^{*}(F_{2})\otimes\max L(H)$ . $M,$ $L(H)$ injective separable
C*- $A$ $F_{\infty}$ $C^{*}$- $C^{*}(F_{\infty})$ $A$
$2_{\text{ }}$ 6, $8_{\text{ }}$ $9$ 1 operator
system $\mathrm{E}$ completely $\mathrm{p}_{\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}}\mathrm{i}_{\mathrm{V}\mathrm{e}}$unital map $\phi:Earrow C^{*}(F_{\infty})/J$ completely
positive unital lifting
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